
Parametric VIfave Amplification 
d Mixing in the 

CASE F I L E  
C O P Y  

~ P W  rleport Na 349 E2{& +$;i ii 
sa- 5'fF 
*:a. - 

Prepared- 
W Gwurt GA 42M, and 

w GPant ebeOL 06-om-Y;F16 

lWSTlTUTE FOR PLASMA RESEARCH 
STANFORD UNIVERSITY, STANFORD, CALIFORNIA 

https://ntrs.nasa.gov/search.jsp?R=19700014072 2018-07-24T12:23:22+00:00Z



PARAMETRIC WAVE AMPLIFICATION AND MIXING I N  THE IONOSPHEm 

by 

K. J. Harker and F. W. Crawford 

NSF Grant GA 4266 

and 

NASA Grant NGL 05 -020-176 

SU-IPR Report No. 349 

December 1969 

Based on a paper presented a t  the  11th  Annual 
Meeting of the  Plasma Physics Division of the 
American Physical Society, Los Angeles, 
California,  November 1969 1 

I n s t i t u t e  f o r  Plasma Research 
Stanford Universi ty 
Stanford, Ca l i fo rn ia  



Page . 

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

1 . INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . .  2  

. . . . . . . . . . . . . . . . . . .  2  . SYNCHRONISMCONDITIONS 5 

. . . . . . . . . . . . .  Pump P  - Signal  and I d l e r  R, L  8 

. . . . . . . . . . . . .  Furrip R - - S i g n a l a n d I d l e r R .  P  9 

. . . . . . . . . . . . .  Pump L - S i g n a l  a n d I d l e r  L. P  10 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  3 . THEORY 12 

. . . . . . . . . . . . . . . . . . . . .  Basic equations 12 

. . . . . . . . . . . . .  Pump P  - Signal  and I d l e r  R. L  13 

. . . . . . . . . . . . .  Pump R - Signal  and I d l e r  RjP 16 

. . . . . . . . . . . . .  Pump L -- Signal  and I d l e r  L. P  1 7  

. . . . . . . . . . . . . . . . . . . . . . . .  4 . COMPUTATIONS 19  

Fump P - S i g n a l  and I d l e r  R. L . . . . . . . . . . . . .  19 

. . . . . . . . . . . . .  Pump R - Signal  and I d l e r  R. p  2 1  

Pump L  Signal  and I d l e r  LJP 24 . . . . . . . . . . . . .  . 

. . . . . . . . . . . . . . . . . .  Effec t s  of Col l i s ions  24 

. . . . . . . . . . . . . . . . . . . . . . . . .  5 . DISCUSSION 27 

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . .  2  8 

APPENDIX A: Effec t  of Plasma Inhomogeneity on Parametric 

. . . . . . . . . . . . . . . . . . . . . . . . .  Growth 29 

. . .  APPENDIX B: Effect  of Col l i s ions  on . Parametric Growth 31 

. . . . . . . . . . . . . . . . . . . . . . . .  REFERENCES. 33 



LIST OF FIGURES 

1. Possible experiments on wave i n t e r a c t i o n  i n  the  ionosphere 

(Case I: Plasma wave pump (p) causes amplif icat ion o r  

mixing of t ransverse  s i g n a l  (s)  and i d l e r  (i) waves, the  

s i g n a l  being supplied by a  ground-based t r ansmi t t e r .  

Case 11: Transverse wave pump (p) causes amplif icat ion 

of a t ransverse  wave s i g n a l  (s)  and a  plasma wave i d l e r  

(i), the  pump and s i g n a l  being supplied by ground-based 

. . . . . . . . . . . . . . . . . . . . . . .  t r ansmi t t e r s  .) 3 

2. Synchronism condit ions f o r  a  plasma (P) pump wave, a  r i g h t -  

hand polar ized ( R )  s i g n a l  wave, and a  lef t-hand polar ized 

(L) i d l e r  wave (Heavy por t ions  of the  curves show ranges 

of v a r i a t i o n  over which the  synchronism conditions can be 

s a t i s f i e d )  . . . . . . . . . . . . . . . . . . . . . . . . .  6 
3. Synchronism condit ions f o r  two right-hand or  two l e f t -  

hand polar ized waves and a  plasma wave (Heavy por t ions  of 

the  curves show ranges of v a r i a t i o n  over which the  synchro- 

. . . . . . . . . . . . .  nism condit ions can be s a t i s f i e d )  11 

4. Synchronism condit ions and growth parameter (I?,) f o r  
I 

nonlinear i n t e r a c t i o n  between a  plasma wave pump (R K ), 
PP, PP 

a  right-hand polar ized s i g n a l  wave ( 0  Rs,ss), and a  l e f t -  

. . . . . . . . . . . .  hand polar ized i d l e r  wave ( R  Li,%i) 20 

5 .  Synchronism condit ions and growth parameter (I? R ) f o r  non- 

l i n e a r  in te rac t ion  between a  right-hand polarized pump 

wave (RRp,KRp)> a  right-hand polar ized s i g n a l  wave 
. . . . . . .  (RRs, ss) . and a plasma wave i d l e r  (RPi, K ~ ~ )  22 

6. Synchronism condit ions and growth parameter (I? L ) f o r  non- 

l i n e a r  i n t e r a c t i o n  between a  lef t-hand polar ized pump wave 

K ), a  lef t -hand polar ized s i g n a l  wave (aLs, K.,.s), 
L LP . . . . . . . . . . . . .  and a  plasma wave i d l e r  (Rpi, K ~ ~ )  25 



PARAMETRIC WAVE AMPLIFICATION AND MIXING I N  THE IONOSPHERE 

K. J. Harker and F. W. Crawford 

I n s t i t u t e  f o r  Plasma Research 
Stanford Universi ty 
Stanford, Ca l i fo rn ia  

An analys is  i s  presented of nonlinear in te rac t ion  between r i g h t  - 
o r  left-hand po la r i zed  t ransverse  electromagnetic waves and longi-  

t u d i n a l  (~angmui r )  plasma waves propagating i n  the  ionosphere. The 

object  i s  t o  determine t h e  f e a s i b i l i t y  of observing parametric ampli- 

f i c a t i o n  o r  frequency mixing due t o  such in terac t ions ,  using ground- 

based t r a n s m i t t e r s  and rece ive rs .  It is  shown t h e o r e t i c a l l y  t h a t  wave 

coupling should occur i n  th ree  s i t u a t i o n s :  f i r s t ,  where the  h ighes t  

frequency component is  t h e  plasma wave and t h e  two lower frequencies 

a re  r i g h t -  and lef t -hand polar ized waves, respect ively;  second, where 

t h e  h ighes t  frequency component and one other  are  right-hand polar ized 

and t h e  t h i r d  is  a  plasma wave, and th i rd ,  where the  highest  frequency 

component and one o the r  are  lef t-hand polar ized and the  t h i r d  i s  a 

plasma wave. The f i r s t  case shows the  weakest coupling, and seems 

un l ike ly  t o  be observable. The second and t h i r d  give r i s e  t o  some- 

what s t ronger  e f f e c t s ,  but  f o r  t y p i c a l  t r ansmi t t e r  and ionos:pheric 

parameters suggest t h e  necess i ty  of measuring increments i n  wave 

amplitudes due t o  nonlinear coupling only of order 0  . O 1  percent .  It is  

concluded t h a t  although under the  most favorable conditions such phe- 

nomena may be observable, they w i l l  genera l ly  be ins ign i f i can t .  



1 INTRODUCTION 

Small-signal electromagnetic wave propagation i n  the ionosphere 

can usually be described ad-equately by cold plasma Appleton-Hart ree 

theory, which pred ic t s  dispersion charac te r i s t i cs  independent of 

s i gna l  amplitude. I f  the  source power i s  ra i sed  progressively, 

however, nonlinear propagat ion phenomena not included i n  t h i s  theory, 

such as  harmonic generation and intermodulation e f fec t s ,  are t o  be 

expected. There i s  consequently considerable i n t e r e s t  attached t o  

predic t ions  concerning t h e i r  observabil i ty.  The authors are engaged 

i n  a systematic study of the  spec i f ic  c lass  of nonlinear wave propa- 

gat ion phenomena which involves three-wave in te rac t ion  [ ~ a r k e r  and 

Crawf ord 1969a, b 1, and the  present contribution concerns coupling 

between two t ransverse  ( l e f t -  o r  right-hand :polarized) waves and a 

longi tudinal  (~angmuir  ) plasma wave. 

Two examples of experimental s i tua t ions  t o  which the  work i s  

relevant a re  i l l u s t r a t e d  i n  Figure 1. Case I assumes t ha t  a large-  

amplitude plasma wave has been exci ted i n  the  ionosphere. I n  the  

auroral  zones, f o r  example, t h i s  might r e s u l t  from beam/plasma 

in te rac t ion  due t o  p r ec ip i t a t i on  of high-energy e lect rons .  It w i l l  

be shown i n  sec t ion  3 t h a t  t h i s  pump wave (P) can amplify two lower- 

frequency t ransverse  waves (s, i) by the  nonlinear mechanism of 

traveling-wave parametric amplification, over an in te rac t ion  region 

i n  which ce r t a in  synchronism conditions can be s a t i s f i e d .  Alternatively, 

it can cause mixing between two r igh t -  or  two left-hand polarized waves, 

of which a t  l e a s t  one has a higher frequency than the  pump. In  t he  

mixing s i tua t ion ,  the  small-amplitude s igna l  (s) might be supplied by 

a ground-based t ransmi t te r .  I f  a component a t  the  i d l e r  ( i )  frequency 

were already present i n  the  in te rac t ion  region, it would be amplified, 

otherwise it would be generated t he r e . .  Thus a su i tab le  experiment t o  

obtain evidence of nonlinear in te rac t ion  would be t o  pulse-modulate 

the signal ,  and study the  modulation of the  i d l e r  by means of a ground- 

based receiver.  By i t s  longi tudinal  wave nature, the  pump wave could 
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not propagate a l l  the  way down t o  the  ground. It could be s tudied bes t  

i n  s i t u  by a space-probing vehic le .  -- 
Case I1 assunes t h a t  a s t rong r i g h t -  or  lef t-hand polar ized pump 

wave has been d i rec ted  a t  the  ionosphere by a high-power t r ansmi t t e r .  

A sma-11-amplitude s igna l  of the  same po la r i za t ion  but  a t  a lower f r e -  

quency is  a l s o  t ransmit ted  from the  ground, and r e f l e c t e d  from t h e  

ionosphere t o  a receiver  located  c lose  t o  the  source. I n  the  i n t e r -  

ac t ion  region, where appropriate synchronism condit ions are s a t i s f i e d ,  

a plasma wave i d l e r  of lower frequency than the  pump i s  generated and/or 

amplified. Evidence of ampl i f ica t ion occurring could be sought by pulse-  

modulating t h e  pump, and looking f o r  modulation of the  received s i g n a l  

wave. Its amplitude should show corresponding pulsed increments, delayed 

by t h e  propagation time of t h e  s i g n a l  from the  in te rac t ion  region up t o  

t h e  r e f l e c t i o n  height  and then down t o  the  receiver .  

The main purpose of t h e  present  paper i s  t o  assess the  l ike l ihood 

of success of experiments such as  those described, by computing t h e  

re levant  nonlinear coupling and parametric growth r a t e s .  For s impl ic i ty ,  

a p lane  s t r a t i f i e d  ionosphere w i l l  be assumed, and only a v e r t i c a l  s t a t i c  

magnetic f i e l d  component w i l l  be included. Various f a c e t s  of the  bas ic  

wave coupling problem t o  be t r e a t e d  have already been examined i n  t h e  

l i t e r a t u r e ,  bu t  no de ta i l ed  numerical r e s u l t s  appear t o  have been pre-  

sented so f a r  f o r  the  synchronism condit ions and corresponding growth 

r a t e s .  This previous work w i l l  be r e f e r r e d  t o  a s  t h e  present  analys is  

unfolds . 
The p l a n  of t h e  paper i s  as follows: Section 2 examines t h e  plasma 

and magnetic f i e l d  parameter ranges over which the  synchronism condit ions 

f o r  three-wave i n t e r a c t i o n  can be s a t i s f i e d .  Section 3 develops expres- 

s ions  f o r  t h e  coupling and growth r a t e s  f o r  the  various combinations of 

r i g h t -  and lef t -hand polar ized waves and plasma waves t h a t  can i n t e r a c t  , 
i n  a homogeneous plasma. Section 4 presents  comprehensive numerical 

r e s u l t s  f o r  each of these  combinations.. I n  pract ice ,  e f f e c t s  of plasma 

inhomogeneity i n  the  d i r e c t i o n  of propagation, and of momentum t r a n s f e r  

co l l i s ions ,  may operate t o  degrade t h e  nonlinear in te rac t ion  predic ted  

i n  t h i s  sec t ion .  These f a c t o r s  are  discussed i n  Appendices A and B. 

Section 5 closes  t h e  paper wi th  a b r i e f  discussion, based on the  numeri- 

c a l  r e s u l t s ,  of t h e  f e a s i b i l i t y  of demonstrating nonlinear in te rac t ion  

i n  t h e  ionosphere. 



2 .  SYNCHRONISM CONDITIONS 

The d i s p e r s i o n  equat ion  f o r  p l ane  t r ansve r se  waves propagat ing 

p a r a l l e l  t o  t h e  s t a t i c  magnetic f i e l d  i n  a co ld  i n f i n i t e  magneto- 

plasma may b e  w r i t t e n  i n  normalized v a r i a b l e s  a s  [ ~ t i x  19621 - 

where 

propagat ion  i s  as exp j (wt-kz)  ; m and k a r e  t h e  frequency and 

wavenumber; mo[ =(nOe2/~om)1/2~ and m c = [ e ~ ~ / m ]  a r e  t h e  e l e c t r o n  

plasma and cyc lo t ron  f r equenc ie s ;  e is  t h e  magnitude of t h e  e l e c t r o n i c  

charge; m i s  t h e  e l e c t r o n  mass, and c is t h e  speed of l i g h t .  The 

s t a t i c  magnetic f i e l d ,  Bo , i s  o r i en t ed  along t h e  z -ax is .  P o s i t i v e  

ion  motions have been neglec ted .  

F igure  2 i l l u s t r a t e s  t h e  d i spe r s ion  c h a r a c t e r i s t i c s  descr ibed  by 

( 1 ) .  The r i g h t -  and l e f t -hand  p o l a r i z e d  waves, corresponding t o  t h e  

' - '  and '+' s igns ,  bo th  have one f a s t  wave branch (Q/K > 1 )  , and 

have cu to f f  f requencies  
%LI, L 

= ( 1  + Q:/4)112 k Q c /2 . The r i g h t -  

hand p o l a r i z e d  wave a l s o  has a slow wave branch (Q/K < 1) , commonly 

r e f e r r e d  t o  a s  t h e  ' w h i s t l e r '  mode, f o r  propagat ion below 

The d i s p e r s i o n  equat ion  f o r  p lane  l o n g i t u d i n a l  waves propagat ing 

pa ra i l l e l  t o  t h e  s t a t i c  magnetic f i e l d  i n  a warm i n f i n i t e  magneto- 

plasma may be  w r i t t e n  i n  normalized v a r i a b l e s  a s  [ ~ t i x  19621 

where 

s2 = 3eve/mc 2 (% 6 x ve f o r  ve i n  v o l t s ) ,  (4) 



FIG.  2--Synchronism cond i t i ons  f o r  a plasma (P) pump wave, a  
r ight-hand p o l a r i z e d  ( R )  s i g n a l  wave, and a  l e f t -hand  
p o l a r i z e d  (L) i d l e r  wave. ( ~ e a v ~  p o r t i o n s  o f  t h e  curves 
show ranges of v a r i a t i o n  over  which t h e  synchronism 
cond i t i ons  can be s a t i s f i e d . )  



and Ve i s  t he  e lect ron temperature. The dispersion charac te r i s t i c  

i s  i l l u s t r a t e d  i n  Figure 2 ,  and has a  cutoff  a t  the  plasma frequency 

(R = 1). The hydrodynamic gpproximation expressed by (3) w i l l  be 

va l i d  only fo r  KS 5 0 . 5  . For higher values, Landau damping should 

be taken i n t o  account. As we s h a l l  show l a t e r ,  we s h a l l  be in teres ted 

only i n  cases with KS subs tan t ia l ly  smaller than 0.7. 

It w i l l  be noted t h a t  e lect ron temperature e f f ec t s  have been 

included only f o r  the  longi tudinal  plasma wave. Col l is ionless  cyclo- 

t ron  damping can occur i n  the  whis t ler  mode close t o  but it 

turns  out t h a t  t he  synchronism conditions f o r  strong nonlinear i n t e r -  

ac t ion are  never s a t i s f i e d  i n  the  v i c i n i t y  of t h i s  frequency fo r  any 

s i tua t ions  of i n t e r e s t  t o  us. For other frequencies, the cold plasma 

approximation i s  adequate f o r  both the  r igh t -  and left-hand polarized 

waves. 

Our t a sk  i n  t h i s  sect ion i s  t o  determine over what plasma parame- 

t e r  ranges the  synchronism conditions necessary f o r  traveling-wave 

parametric amplif ication [ ~ o u i s e l l  19601, 

can be s a t i s f i e d  by three  collinearly propagating waves, which we s h a l l  

r e f e r  t o  as i n  sect ion 1 as t he  'pumpf (Rp) K ~ )  ) ' s igna l f  ( R s ) a )  

and ' i d l e r '  ( 0 . ) ~ ~ ) .  We specify t ha t  one of these  w i l l  be a  plasma 
1 

wave. A t  f i r s t  s ight ,  there  a r e  the  seven p o s s i b i l i t i e s  l i s t e d  i n  

Table 1. The theory of sect ion 3 shows t h a t  four of them can be 

excluded as  they do not lead t o  coupling, so i n  f a c t  only three 

Table 1. Possible Cases f o r  Invest igat ion of Synchronism 

-- 

pump Signal and I d l e r  Comment 

P R, L  

R R, P I Accept able 

L L, P 

P R, R;L, L  

R L, P I No Coupling 

L  R, P 



p o s s i b i l i t i e s  e x i s t .  Th3se w i l l  now be  t r e a t e d  ind iv idua l ly :  

Fump P-Signal and I d l e r  R, L. I n  t h i s  case,  t h e  synchronism condi- 

t i o n s  a re ,  

where t h e  c l e a r  though somewhat cumbersome convention has been adopted 

t h a t  t h e  f i r s t  subsc r ip t  denotes  t h e  type of wave (P,R o r  L), and t h e  

second i t s  r o l e  (p, s o r  i ) .  The l a b e l i n g  of t h e  s i g n a l  and i d l e r  i s  

a r b i t r a r y ,  and t h e  des igna t ions  may be  interchanged i f  d e s i r e d .  

Suppose now t h a t  we s p e c i f y  
'RS 

, so  t h a t  by (1) 

To determine R K 
@ " ~ i '  ~ p '  

and lCLi i n  terms of R , we make 
R s  

use  of  (I), (3) and (6) ,  and no te  t h a t  K!&s~<< j; f o r  all cases  of 

i n t e r e s t  t o  u s .  Af te r  expansion i n  powers--of sL , t h e  fo l lowing  

approximate r e s u l t s  may be obta ined  

where 

The wavenumber approximations a r e  v a l i d  f o r  
2 K ~ ~ s ~ / ~ < ~ ~  << 1 , 

which is  s u f f i c i e n t  f o r  our  purposes.  

F igure  2 i l l u s t r a t e s  how synchronism i s  achieved f o r  any nonzero 

va lue  of Re . Equation (6)  i s  s a t i s f i e d  i f  a para l le logram can be  

drawn w i t h  one v e r t e x  at t h e  o r ig in ,  and t h e  o t h e r  t h r e e  l y i n g  on 

appropr i a t e  branches of t h e  d i s p e r s i o n  c h a r a c t e r i s t i c s .  A t y p i c a l  



s o l u t i o n  i s  shown, and t h e  ranges of v a r i a t i o n  f o r  t h e  t h r e e  waves 

a r e  i l l u s t r a t e d  by t h e  heavy p o r t i o n s  of t h e  curves.  I n  p a r t i c u l a r ,  

t h e  s i g n a l  always l i e s  i n  t h e  approximate range O < R R s z l  - n, . 
For R small,  QRs has  an upper l i m i t  o f  oc/2 . For R l a rge ,  

C C 

RRs l i e s  j u s t  below u n i t y .  I n  no case  can it approach Rc , SO 

e l e c t r o n  temperature e f f e c t s  on t h e  r ight-hand po la r i zed  wave can be  

neglected,  a s  assumed e a r l i e r .  The pump frequency v a r i e s  w i th in  t h e  

range 

a  t o t a l  range of v a r i a t i o n  which can be expressed a s  

and i s  very  smal l  f o r  t h e  cases  of i n t e r e s t  t o  u s .  We s h a l l  r e t u r n  

t o  t h i s  p o i n t  i n  s e c t i o n  3 and Appendix A,in ou r  d i scuss ion  of t h e  

e f f e c t s  of  plasma inhomogeneity . 
Pump R-Signal and I d l e r  R,P. I n  t h i s  case,  t h e  synchronism 

cond i t i ons  a re ,  

A s  before ,  we suppose t h a t  we s p e c i f y  R , s o  t h a t  Rs 
KRs i s  aga in  

g iven  by (7) .  For << 1 , t h e  fol lowing approximate r e s u l t s  

can be  obtained, s a t i s f y i n g  (11) 

where 



There a r e  apparent ly  t h r e e  cases  t o  cons ider :  two with both  t h e  

r ight-hand p o l a r i z e d  waves on t h e  same branch, e i t h e r  upper o r  lower, 

and t h e  t h i r d  wi th  one on t h e  upper and t h e  o t h e r  on t h e  lower. 

Simple a l g e b r a i c  arguments can be used t o  show t h a t  f o r  s2 smal l  t h e  

synchronism cond i t i ons  cannot be s a t i s f i e d  i n  t h e  t h i r d  case, however, 

f o r  any va lue  o f  Rc . We can a l s o  ignore t h e  case  wi th  two waves on 

t h e  lower ( w h i s t l e r )  branch s ince  t h i s  r e q u i r e s  R > 1 f o r  synchro- 
C 

nism. The only  l i k e l y  p l a c e s  i n  t h e  ionosphere f o r  t h i s  condi t ion  t o  

b e  s a t i s f i e d  a r e  i n  t h e  D- o r  E-regions, where very  s t rong  c o l l i s i o n a l  

damping should b e  t aken  i n t o  account.  S igna l s  i n  t h e  w h i s t l e r  mode 

can, of  course,  p e n e t r a t e  t h e  ionosphere and reach reg ions  of lower 

c o l l i s i o n  frequency.  Outside, i n  t h e  magnetosphere, probably 

exceeds u n i t y  only  beyond t h e  plasmapause, however. Although t h e  

mechanisms under d i scuss ion  might be of i n t e r e s t  t he re ,  it seems 

u n l i k e l y  t h a t  a ground-based t r a n s m i t t e r  could produce t h e  pump 

e l e c t r i c  f i e l d  s t r e n g t h s  necessary t o  cause s t r o n g  non l inea r i t y .  

With t h e s e  cons idera t ions ,  only t h e  case  shown i n  Figure 3 i s  

of immediate i n t e r e s t .  Synchronism is  p o s s i b l e  f o r  a l l  values of  

Rc Ranges of v a r i a t i o n  a r e  shown f o r  t h e  pump and i d l e r  by t h e  

heavy p o r t i o n s  of  t h e  curves .  The s i g n a l  ranges from 
R~ 

t o  . 
Fump L-Signal and I d l e r  L,P. Algebraic express ions  f o r  t h e  

synchronism cond i t i ons  can be  obtained d i r e c t l y  from (11) - (13) by 

changing all s u b s c r i p t s  R t o  L , and t o  -R . Synchronism 
C 

i s  p o s s i b l e  f o r  a l l  va lues  of Rc . Typical  condi t ions  a r e  i l l u s t r a t e d  

i n  F igure  3.  

An important p o i n t  t o  be noted f o r  t h e  two types  of i n t e r a c t i o n s  

j u s t  d i scussed  (R-R, P and L-L, I?) i s  t h e  l i m i t e d  range of v a r i a t i o n  

of t h e  plasma wave. This  is r e a d i l y  shown t o  be  

s o  t h a t  t h e  t o t a l  i d l e r  frequency range over which i n t e r a c t i o n  can 

occur i s  + l )s2 /2  , which w i l l  be  very  smal l  f o r  t he  ca ses  %, &nu, L 
of i n t e r e s t  t o  u s .  Fu r the r  comment on t h i s  w i l l  b e  delayed t o  t h e  

d i scuss ion  i n  s e c t i o n  3 of t h e  e f f e c t s  of plasma inhomogeneity. 



F I G .  3--Synchronism condi t ions  f o r  two r ight-hand o r  two l e f t -hand  
p o l a r i z e d  waves and a  plasma wave. ( ~ e a v y  po r t ions  of t h e  curves 
show ranges of v a r i a t i o n  over  which t h e  synchronism cond i t i ons  
can be  s a t i s f i e d . )  



3 - THEORY 

Basic  equa t ions .  The system may be  descr ibed  by Maxwell's equat ions,  

and t h e  f o r c e  equat ion  f o r  e l e c t r o n s  

3 

where .nC is o r i e n t e d  i n  t h e  z -d i rec t ion ,  and I N I  < 1 f o r  (16) t o  

be v a l i d .  Equat ions (15) - (16) have been w r i t t e n  i n  terms of t h e  

normalized v a r i a b l e s ,  

I f  we t a k e  t h e  temporal Four i e r  t ransforms of (15) - (16), w e  

o b t a i n  

Here, s u b s c r i p t s  a , @ , y r e f e r  t o  t h e  Four i e r  components vary ing  

as  exp j RaT , e t c  . The summations a r e  made over a l l  va lues  of @ 

and y s a t i s f y i n g  t h e  synchronism condit ion,  



The right-hand sides of the  expressions i n  (18) represent the nonlinear 

coupling terms between the  waves. The left-hand s ides  are the  terms 

appropriate t o  small-signal l i n e a r  theory. An i t e r a t i v e  solut ion t o  

the  nonlinear problem w i l l  be obtained by f i r s t  assuming the  r i gh t -  

hand s ides  t o  be zero and obtaining small-signal expressions f o r  the 

various f i e l d  quan t i t i es .  These w i l l  then be subst i tu ted i n  the  r igh t -  

hand s ides  t o  obtain a f i r s t  approximation t o  the  nonlinear equations. 

To carry  out t h i s  de ta i l ed  procedure, we must specia l ize  t h e  basic 

equations t o  the  various comb inat  ions of transverse and longi tudinal  

waves l i s t e d  i n  Table 1. When t h i s  i s  done, it i s  found t ha t  t he  non- 

l i n e a r  driving terms are nonzero only f o r  the  three  cases tabulated as  

'acceptable ' .  The ranges of synchronism f o r  these were es tabl ished i n  

sec t ion  2.  The relevant coupling coeff ic ients  and parametric growth 

r a t e s  w i l l  now be determined. 

Fump P - Signal and I d l e r  R,L. F i r s t ,  the  expressions i n  (18) are 

wr i t t en  i n  component form. They are  then s impl i f ied by introduction of 

r igh t -  and left-hand polarized var iables  defined so t h a t  the  e l e c t r i c  

f i e ld s ,  f o r  example, are given by 

We obtain t he  following nonlinear equations and small-s ignal  approxi- 

mat ions t o  them, 



where '3s' denotes  a complex conjugate .  

The next s t e p  i s  t o  e l imina te  a l l  v e l o c i t y  components, and t o  

in t roduce  t h e  convenient v a r i a b l e s ,  



After some tedious algebra, (21) - (24) reduce t o  

where the  coupling coeff ic ient ,  Cp , i s  given by 

The general  so lu t ion  of a s e t  of equations i n  the  canonical coupled 

mode form of (26) can be given i n  terms of e l l i p t i c  in tegrals  [~agdeev  

and Galeev 1.9691. The problem i s  considerably simplified, however, i f  

one or two of the  waves are weak. For example, the  mixing problem i n  

which strong s ignals  ARs and ALi are applied, and give r i s e  t o  a 

component A , can be solved using only t he  f i r s t  equation from (26). 
PP 

We simply assume t h a t  A i s  of the form j\ (z) e x p ( - j \ ~ )  , 
A PP PP 

where A i s  a slowly-varying function of Z . The coupled mode PP 
equation becomes, 

so t ha t  i f  j\ = 0 a t  Z = 0 , then there  i s  l i n e a r  growth with Z 
PP 



I f  t h e  e f f e c t s  of co l l i s iona l .  damping on t h e  plasma wave a r e  taken  

i n t o  account by inc luding  a  phenomenological l o s s  term " P V h  On 

t h e  l e f t - h a n d  s i d e  of (28),  it is e a s i l y  shown t h a t  (29) is simply 

an approximation t o  t h e  express ion  

It fo l lows  t h a t  t h e  s a t u r a t i o n  amplitude of is K ~ ~ / K ~ ~  . 
PP 

Next, cons ider  t h e  paramet r ic  ampl i f i ca t ion  problem i n  which 

t h e  pump is  s t rong  compared wi th  t h e  s i g n a l  and i d l e r ,  so  t h a t  it 

s u f f e r s  n e g l i g i b l e  a t t e n u a t i o n  a s  a  r e s u l t  of energy t r a n s f e r  t o  

them. We now use  t h e  second and t h i r d  equat ions  from (26) and 

assume t h a t  t h e  s i g n a l  and i d l e r  have t h e  s p a t i a l  v a r i a t i o n s  

exp(tcp - jKRs)z and exp(tcP - ~ R L ~ ) Z  r e s p e c t i v e l y .  This  y i e l d s  

These must be  cons i s t en t ,  of course .  Taking t h e  complex conjugate  

o f  one express ion  and mul t ip ly ing  by t h e  o t h e r  g ives  an express ion  

f o r  t h e  growth r a t e ,  rc , due t o  paramet r ic  ampl i f ica t ion ,  P 

involv ing  only  t h e  pump amplitude, I $1 ['J I APp 1 by (25 ) 1 . It 

should be  understood t h a t  t h e  s p a t i a l  v a r i a t i o n s  assumed ignore 

boundary condi t ions ,  and t h a t  t h e  r e s u l t i n g  growth r a t e  i s  conse- 

quen t ly  only e f f e c t i v e  f o r  d i s t a n c e s  such t h a t  tcpZ > 1 . A 

boundary va lue  problem is  solved i n  d e t a i l  i n  Appendix B, inc luding  

t h e  e f f e c t s  of c o l l i s i o n s ,  f o r  t h e  combination R-R,P . 
Pump R - Signa l  and I d l e r  R, P. The ana lys i s  f o r  t h i s  case can 

be c a r r i e d  through along s i m i l a r  l i n e s  t o  t h a t  descr ibed  i n  t h e  

previous  subsec t ion  and we s h a l l  simply quote here  t h e  r e s u l t s  

analogous t o  (25) - (27), (29), ( 3 0 )  and (32) .  We have 



Pump L - Signal  and I d l e r  L, P. Again, we s h a l l  simply quote the  

r e s u l t s  analogous t o  (25 ) - (27), (29), (30), and (32 ) . We have 



If, = lcLl "LS 

I, 23/2 S(K~ ) 1/2 I & L p /  
s P i  

Expressions equivalent t o  (33) and (38) have been derived by 

Sjslund and Stenf lo  [1967al. These authors have a l so  considered 

the  s i t u a t i o n  with zero magnetic f i e ld ,  t o  which the  r e su l t s  of 

t h i s  and the  previous subsection tend as 
"c 

+ 0 [ S j b'lund and 

Stenf lo  1 9 6 ~ 1 ,  and have derived an expression i den t i ca l  t o  the  

l imi t ing  form (nc = 0)  of (37) or  (42).  This i s  simply 

where the  R and L subscr ipts  are no longer necessary and have 

been dropped. 



4 . COMPUTATIONS 

Section 3 has provided e x p l i c i t  forms f o r  the  parametric growth 

r a t e s  K K and K , expressed i n  terms of the  pump, s i g n a l  and 
P '  L R 

i d l e r  frequencies and wavenumbers, and the  relevant  pump e l e c t r i c  

f i e l d  s t r eng ths .  We now wish t o  inves t iga te  t h e  numerical values of 

the  coupling c o e f f i c i e n t s  and parametric growth ra tes ,  consis tent  with 

s a t i s f a c t i o n  of t h e  synchronism condit ions discussed in  sec t ion  2 .  

Pump P - Signal  and I d l e r  R,L. It is  convenient t o  introduce 

i n t o  (32) t h e  s impl i f i ed  expressions of (8) and (9). Expanding K P 
i n  powers of s2 , and re ta in ing  only t h e  f i r s t  term, gives as a very 

good approximat ion  

It i s  i n t e r e s t i n g  t o  note t h a t  t h i s  expression i s  independent of the 

p r e c i s e  value of S , i . e  ., it i s  a cold plasma e f f e c t .  We s h a l l  

work wi th  t h e  gain, G p  , defined by 

K u! 
G, = 8.69 - P o  = T IE I d ~ / u n i t  length , (44) 

C p PP 

where E i s  i n   unit leng th  and 
PP 

Note t h a t  'V' is  being used from here on f o r  ' v o l t s '  . 
Figure 4 gives information on growth and synchronism condit ions 

f o r  Rc = 0 . 1  and 1 .0  . I n  each case, the  lowest box shows the  



FIG. 4--synchronism condi t ions  and growth parameter (Tp) f o r  nonl inear  
i n t e r a c t i o n  between a  plasma wave pump ( R  K ) 9  a  r igh t -hand 

$' PP p o l a r i z e d  s i g n a l  wave (RRs, KRs) , and a  l e f  hand p o l a r i z e d  
i d l e r  wave (RLi, % i )  



v a r i a t i o n  of RRs and Y;LiO with Gs . The middle box shows the  

coef f i c ien t s  Q, , K, , used i n  (8). Since an ionos:pheric e lec t ron  

temperature of 0.2 eV corres:ponds t o  S  l o m 3  , the  correc t ion 

terms 
2  2  

RpS and KPS i n  these  equations are general ly neg l ig ib le .  
n 

The value of R S' i s  s ign i f i can t ,  however, a s  an indicat ion of the  P  
plasma densi ty  inhomogeneity t h a t  could be t o l e r a t e d  over the  i n t e r -  

ac t ion  region. This point  i s  d e a l t  with i n  Appendix A, and is a l s o  

d iscussed i n  sec t ion  5 .  The upper box shows t h e  v a r i a t i o n  of r~ 
I ts  order of magnitude is  f o r  Qc = 0 .1  , i.e., t h e  same a s  

t h a t  of q  , and somewhat lower f o r  R = 1.0  . I f  we assume 
C 

a r b i t r a r i l y  t h a t  t h e  plasma wave pump has an e l e c t r i c  f i e l d  s t r eng th  
- 6 

of 0 . 1  V/m, growth of only G -- 10 dB/m is predicted.  It is 
P 

c l e a r  t h a t  very much higher f i e l d  s t rengths  would have t o  be postu- 

l a t e d  f o r  measurable growth t o  occur. 

Pwnp R - Signal  and I d l e r  R,P .  With s imi la r  procedure t o  t h a t  

of t h e  preceding subsection, we obtain, 

tC U) 
R 0  G, = 8.69 - - - TR I E  I dB/unit length , (46) 
C RP 

where E i s  t h e  pump e l e c t r i c  f i e l d  s t r eng th  i n   unit length.  
RP 

Figure 5 shows d a t a  on growth and synchronism conditions 

analogous t o  those of Figure 4.  The most s i g n i f i c a n t  point  t o  note 

i s  t h e  g r e a t l y  increased growth r a t e  now poss ib le  due t o  the  presence 

of S  i n  the  denominator of (47). For an ionospheric e lec t ron  

t e q e r a t u r e  of 0.2 eV and E a 0 .1  V/m , we would have 
RP 

G, - lo-' dB/m. 

This could e a s i l y  be measured even if it could only be sustained over 

i n t e r a c t i o n  dis tances  as  shor t  as 100 m, i . e . ,  i f  a  t o t a l  amplif i-  

ca t ion  of N 0 .1  dB occurred. We note, however, t h a t  t h e  range of 

frequency f o r  synchronism i s  extremely narrow, so t h a t  plasma inhomo- 

genei ty  may e a s i l y  make t h e  e f f e c t  unobservable. Frbm Appendix A, 



FIG. 5--Synchronism condi t ions  and growth parameter ( rR)  f o r  nonl inear  
i n t e r a c t i o n  between a r ight-hand po la r i zed  pump wave (am) ICRp)) 
a  r igh t -hand p o l a r i z e d  s i g n a l  wave (aRs, KRS)) and a plasma 
wave i d l e r  (api, KPi) . 
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we have t h e  r e s u l t s  t h a t  

depending on whether the  i n i t i a l  value of the  i d l e r  i s  small o r  l a rge  

compared with t h e  t o t a l  increment through the  i n t e r a c t i o n  region. 

The second r e s u l t  i s  c l e a r l y  the  l a rge r ,  and it is  of i n t e r e s t  t o  

est imate it. Assuming t h a t  the  e lec t ron  densi ty  va r ies  as n O ( l  + CXZ) , 
we have from ( ~ . 2 )  

Using (37) ,  and assuming f o r  example G E ~ ~ / E ~ ~  = B E ~ ~ / E ~ ~  , gives 

which we 

s t reng th  

note i s  independent of S . For a pump e l e c t r i c  f i e l d  

of 0 .1  ~ / m  a t  a region where no -- 1o6/cm3 , then 
- 6 -2 . For an increment of 6E /E = 10 Rs R s  , say, then 

would be required.  What t h i s  means i n  terms of iono- 

spheric homogeneity i s  t h a t  over a d is tance  where the  densi ty  can 

be expressed as nO(l  + (%/c) z) , we require  (%/c) -- 1 0 - ~ / r n  . 
This is  t h r e e  o r  four  orders of magnitude smaller  than would be 



expected over most of t h e  ionosphere. Clearly, the  b e s t  solu-tion 

would be t o  work c lose  t o  the  peak of the  F-layer, but even there  

the  inhomogeneity wi th in  about 1 km of the  peak i s  only l i k e l y  t o  
- 7 be of order 10 /m so  the  i n t e r a c t i o n  distances would be extremely 

small.  The genera l  conclusion i s  t h a t  only small increments could 
-4 

beexpected,  of order 6E /E - 1 0  , say.  
R s  R s  

Rmp L - Signal  and I d l e r  L,P. The considerat ions f o r  t h i s  

case a r e  i d e n t i c a l  t o  those of  the  previous subsection. Analogous 

t o  (46) and (47) we have, 

L u G~ = 8.69 - - - r [E I d ~ / u n i t  length , 
L GI? (51) 

C 

and t h e  re levant  computed d a t a  are  presented i n  Figure 6 .  For 

Rc 
= 0 . 1  , t h e  ampl i f ica t ion i s  s imi la r  t o  t h a t  i n  Figure 5 f o r  

right-hand po la r i zed  modes. For Rc = 1.0  , the  growth i s  about 

a f a c t o r  of two higher than f o r  t h a t  case.  

The analys is  and comments on the  e f f e c t s  of inhomogeneity made 

above apply equal ly  t o  t h e  lef t -hand polar ized modes with appropriate 

changes of subsc r ip t s .  

Ef fec t s  of Col l i s ions .  So fa r ,  c o l l i s i o n s  have only been taken 

i n t o  account crudely i n  (30)) (36) and (41) t o  est imate the  nonlinear 

s a t u r a t i o n  l e v e l s  t o  be expected i n  mixing experiments. Apart from 

such a l i m i t i n g  influence, the  inc lus ion of c o l l i s i o n s  might a f f e c t  

our predic ted  r e s u l t s  i n  two somewhat d i f f e r e n t  ways. F i r s t ,  it 

might be expected t o  reduce t h e  parametric growth r a t e .  Appendix B 

shows, however, t h a t  t h i s  i s  not the  case: Although the re  may no 

longer be net gain, the re  i s  a reduction i n  a t tenuat ion f o r  t h e  s i g n a l  

and i d l e r  equal  t o  t h e  gain  predic ted  i n  t h i s  sec t ion .  From the  po in t  

of view of measuring an increme~lt i n  received signal ,  the re  w i l l  be 



FIG. 6--synchronism condi t ions  and growth parameter (rL) f o r  nonl inear  
i n t e r a c t i o n  between a  l e f t -hand  po la r i zed  pump wave (aLp9 K - L ~ ) ,  
a  l e f t -hand  po la r i zed  s i g n a l  wave (flLs, KLS)) and a  plasma 
wave i d l e r  (flpi,Kpi). 



no change. Second, c o l l i s i o n s  w i l l  modify the  shapes of t h e  r e a l  

branches of the  various wave dispers ion charac te r i s t i c s ,  p a r t i c u l a r l y  

i n  regions of low group ve loc i ty .  This implies t h a t  the  synchronism 

conditions should be recomputed f o r  the  modified curves. This has 

not been done, but  would be expected t o  broaden t h e  range of synchro- 

nism, and perhaps o f f s e t  somewhat the  e f f e c t s  of inhomogeneity. 



5 DISCUSSION 

Our purpose i n  t h i s  paper has been t o  discuss some of the  non- 

l i n e a r  wavelwave in te rac t ions  which might be suscept ib le  t o  experi-  

mental study i n  t h e  ionosphere using ground-based equipment, and it 

i s  now appropriate t o  reconsider t h e  severa l  types of experiments 

suggested i n  sec t ion  1. We begin with mixing, and w i l l  then discuss 

ampl i f ica t ion experiments. 

Although t h r e e  cases have been analyzed throughout the  paper, 

i. e . , with plasma wave, right-hand polar ized wave, o r  lef t-hand 

po la r i zed  wave a s  the  highest  frequency, the  p roper t i e s  of the  l a s t  

two a re  somewhat s imi lar ,  and f o r  purposes of discussion we need 

only consider t h e  f i r s t  and second a s  separate cases.  As  pointed 

out i n  sec t ion  3,  t h e r e  is  an important d i f ference  i n  t h e  mixing 

formulas t h a t  makes i n t e r a c t i o n  of the  f i r s t  type much weaker than 

t h a t  of t h e  second, i n  which S appears i n  the  denominator. 

Even so, the  idea  of being able t o  exc i t e  long i tud ina l  plasma waves 

by two higher frequency t ransverse  waves has long been considered an 

a t t r a c t i v e  p o s s i b i l i t y .  For example it was discussed severa l  years 

ago from the  point  of view of an experiment i n  which two l a s e r  beams 

were intended t o  i n t e r a c t  with long i tud ina l  o s c i l l a t i o n s  i n  a plasma 

by D o l l ,  Ron, and Rostoker [19641, and Montgomery [1$5] . As  was 

pointed out by Sjb'lund and S tenf lo  [1967al, however, numerical 

es t imates  l ead  t o  the  conclusion t h a t  parametric growth would be 

unobservable f o r  the  conditions discussed by these  authors.  I n  t h e  

ionospheric case being discussed here, the  s i t u a t i o n  i s  not much 

b e t t e r ,  though the re  i s  the  important point  t h a t  t h e  frequencies 

do not d i f f e r  by l a rge  fac tors ,  which operates t o  strengthen the  

i n t e r a c t  ion. 

Although the  e f f e c t s  are  not strong, t h i s  does not imply t h a t  

they could not be measured a t  a l l .  For example, the  coupling of 

var ious  comb ina t  ions of extraordinary and ordinary waves propagating 

across a magnetoplasma perpendicular t o  the  s t a t i c  magnetic f i e l d  

suggests equally weak coupling coef f i c ien t s  [ ~ a n o  e t  a l . ,  1968; 

1969a1, ye t  the  e f f e c t  seems t o  have been 



observed i n  t h e  labora tory  [ ~ a n o  e t  al., 1.9691, It may a l so  have been 

observed i n  the  ionosphere by Green [19651, who has reported a d i f ference-  

frequency r e t u r n  from t h e  ionosphere when illuminated by two s t rong s i g n a l s .  

I n  view of t h i s  demonstrated success, a speculat ive s e r i e s  of experiments 

seems j u s t i f i e d  i n  which attempts are  f i r s t  made t o  exc i t e  sum- or  

difference-frequency components, and then t o  determine p rec i se ly  the  

mechanisms involved. A t  f i r s t  s ight ,  t h e  r e s u l t s  of t h i s  paper might not 

seem d i r e c t l y  re levant  t o  such experiments, s ince  they would involve a 

plasma wave as  the  mixing product.  When plasma inhomogeneity is present ,  

however, such a wave might e a s i l y  be converted t o  a propagating t ransverse  

wave. I n  t h i s  connection, it may be remarked t h a t  our present  theory i s  

only capable of handling inhomogeneity i n  t h e  d i r e c t i o n  of propagation. 

Inhomogeneity perpendicular t o  the  ray  path  may i t s e l f  be a very strong 

source of coupling, and deserves considerable a t t en t ion .  

As pointed  out i n  sec t ion  1, mixing i s  not the  only manifestat ion 

of wave coupling, and parametric ampl i f ica t ion measurements o f f e r  an 

in t r igu ing  p o s s i b i l i t y  f o r  observing non l inea r i ty  i n  the  ionosphere. 

The r e s u l t s  of sec t ion  4 show t h a t  a plasma wave pump excited by ins ta -  

b i l i t y  i s  un l ike ly  t o  have an e l e c t r i c  f i e l d  s t r eng th  high enough t o  

amplify r i g h t -  and left-hand polar ized waves apprec iably.  The second 

case, i n  which t h e  plasma wave is  t h e  id le r ,  o f f e r s  a much s t ronger  

e f fec t ,  though t h i s  i s  degraded by the  inev i t ab le  inhomogeneity of the  

ionosphere. The bes t  r e s u l t s  could probably be obtained by working 

with a s i g n a l  frequency r e f l e c t e d  near t h e  peak of the  F-layer. 

Sophis t ica ted  measuring techniques would be required t o  measure the  

weak ampl i f ica t ion caused even by a very powerful pump. A s  demonstrated 

by (A.?) and ( ~ . 8 ) ,  it is  highly des i rab le  f o r  success of such experi-  

ments t h a t  a component a t  t h e  frequency of the  plasma wave i d l e r  should 

already be present  i n  the  ionosphere. For t h i s  reason, r e f l e c t i o n  from 

the  aurora l  zones might produce the  bes t  r e s u l t s .  It is  perhaps s ig -  

n i f i c a n t  i n  t h i s  respect  t h a t  t h e  r e s u l t s  of Green [1$5] seem t o  depend 

on such a propagation d i rec t ion .  H i s  observed di f ference  frequency 

component may wel l  have been a t ransverse  wave coupled from an amplified 

plasma i d l e r .  
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APPENDIX A: EFFECT OF PLASMA INHOMOGENEITY ON PARAMETRIC GROWTH 

The analysis  of sect ion 3 has shown t h a t  the nonlinear in teract ion 

i s  described by coupled mode equations of the  form given i n  (33). In  

the inhomogeneous case, these w i l l  be va l id  Locally. We now wish t o  

calcula te  t he  t o t a l  growth through a region where the  plasma density 

var ies .  Assume solut ions  t o  (33) of the  form 

and t h a t  t he  frequency synchronism condition (Q = QRs + Qpi) i s  
RP 

s a t i s f i e d .  Subst i tu t ion i n  the  s igna l  and i d l e r  equations yields, 

We now expand (5 - iks - K ) about the point where synchronism i s  
P  P i  

s a t i s f i ed ,  t o  obtain 

Subst i tu t ion i n  (~.1) yields  



The next s t e p  i s  t o  i n t e g r a t e  (A .3 ) )  subject  t o  appropriate 

boundary condit ions.  We consider f i r s t  the  case i n  which the  s i g n a l  

has nonzero amplitude and the  i d l e r  zero amplitude f o r  Z + - . 
We can then consider LRP and A& as  constant i n  the  right-hand 

s ides  of ( ~ ~ 3 ) .  Integrat ing,  we obta in  

where 6$s i s  the  increment due t o  parametric amplif icat ion.  

Carrying out the  in tegra t ion  l eads  t o  

Next we consider the  case i n  which both the  s i g n a l  and i d l e r  

have nonzero i n i t i a l  amplitudes. We can then consider ARp , GS , 
4t 

and Api as  constant  i n  t h e  right-hand s ides  of ( ~ . 3 )  and calcu- 

l a t e  t h e  increments i n  them. In tegra t ing  gives 

and s i m i l a r l y  

Hence we have 

where we note t h a t   FA^^/^^^ 6Epi/Epi , e t c .  

3  0 



APPENDIX B: EFFECT OF COLLISIONS ON PARAMETRIC GROWTH 

To assess  t h e  e f f e c t  of co l l i s ions ,  we s h a l l  consider the  case 

with pump R , and s  ignal  and i d l e r  R, P . A t  the  r e l a t i v e l y  high 

frequency and group ve loc i ty  of t h e  pump, c o l l i s  iona l  a t tenuat ion w i l l  

be much weaker than f o r  the  s i g n a l  and id le r ,  so  we w i l l  ignore it here .  

Assume t h a t  ARs and APi a r e  of t h e  form Gs exp(- j iksz)  

APi ex-p(-j~~,~) , where GS and Xpi a re  slowly-varying functions 

of Z , and s u b s t i t u t e  i n  t h e  l a s t  two equations of (33). With the  

inc lus ion of phenomenological l o s s  terms, k R v j k s  and K A pvApi 7 to 
represent  c o l l i s  i o n a l  at tenuation,  we obta in  

To demonstrate the  e f f e c t  of the  pump wave c lear ly ,  it is 
- 

convenient t o  work i n  terms of the  va r iab les  = jks exp K R v Z  7 - A 

APi = Api exp tcpvZ , which a r e  constants  i n  the  absence of the  pump. 

Equation (B.1) then becomes 

For i l l u s t r a t i o n ,  we s h a l l  solve (B .2 )  with the  boundary conditions 
- - -3k 

A ~ s  = ' R ~ O  ' A ~ i  
= 0 a t  Z = 0 . We then have, 



We note f i r s t  t h a t  f o r  K = 0 = K 
Rv Pv ' 

A ~ s  %s - - - - - 
A - - cosh K,Z 

I n  t h e  spec id l  case 
K RV = Kpv # 0 , (B-3) reduces t o  

implying t h a t  even though the  s i g n a l  is  now attenuating,  i t s  parametric 

growth f a c t o r  (cosh K Z) through the  region 0 -+ Z is exact ly  t h e  same 
R 

as i n  t h e  absence of c o l l i s i o n s .  Of much g rea te r  i n t e r e s t  i s  t h e  f a c t  

t h a t  f o r  K ~ Z  and (tcRv - K ) Z small expansion of (B -3) gives 
Pv 

which i s  j u s t  t h e  small - Z expansion of (B.?), i.e., even i n  the  

presence of loss ,  t h e  growth f a c t o r  f o r  Z small is  independent of 

t h i s  l o s s .  

This simple r e s u l t  is not preserved a t  l a rge  Z . We then have 

which is l a r g e r  o r  smaller  than t h e  growth f a c t o r  without c o l l i s i o n s  

according t o  whether K > K 
Rv Pv 

o r  K < K  Rv Pv ' 
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